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Abstract-The dual reciprocity method (DRM) is a technique to transform the domain integrals 
that appear in the boundary element method into equivalent boundary integrals. In this approach, 
the nonlinear terms are usually approximated by an interpolation applied to the convective terms of 
the Navier-Stokes equations. In this paper, we introduce a radial basis function interpolation scheme 
for the velocity field, that satisfies the continuity equation (mass conservative). The proposed method 
performs better than the classical interpolation used in the DBM approach to represent such a field. 
The new scheme together with a subdomain variation of the dual reciprocity method allows better 
approximation of the nonlinear terms in the Navier-Stokes equations. @ 2002 Elsevier Science Ltd. 
All rights reserved. 
Keywords-Mass conservative interpolation, Dual reciprocity, Boundary elements. 
1. INTRODUCTION 
The application of the BEM to nonlinear partial differential equations, such as the Navier-Stokes 
set, leads to domain integrals that can be evaluated by using the cell integration approach (cell- 
BEM) [l]. Although this method is effective and general, it makes the BEM lose its boundary-only 
nature, resulting in a numerical scheme several orders of magnitude more time consuming than 
other domain techniques as the finite differences FDM and finite element methods FEM. 
A handful of methods have been developed to take the domain integrals to the boundary. 
One of the most popular is the dual reciprocity method or DRM [2] which has been particularly 
attractive in recent years because of the advances in multidimensional interpolation with radial 
basis functions (RBF) [3], global functions such as those presented by Cheng et al. [4], and 
augmented thin plate splines or hybrid functions applied by Partridge and Sensale [5] to the 
solution of some elasticity problems. The DRM approximates the nonlinear and nonhomogeneous 
terms of a partial differential equation as a series of vector valued interpolation functions, and it 
yields a particular solution for the problem which can be used together with the Green’s identities 
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to convert the domain integrals into boundary integrals. Additionally, when the nonlinear terms 
include derivatives of the velocities, interpolation must also be applied on the velocity field. Thus, 
the resulting interpolation functions can be differentiated to approximate the convective terms [2]. 
This commonly used interpolation approximates the velocity values reasonably well, but it does 
not satisfy the continuity or mass conservation equation. Usually, this problem is more notorious 
in coarse meshes, and it can be overcome by increasing the density of the mesh especially in the 
zones where high velocity gradients are expected. On the other hand, a conservative interpolation 
method could yield better results even in not very dense meshes, and it could also improve the 
convergence properties of the numerical method. 
The BEM solution of large problems can be dramatically improved by using domain decom- 
position techniques. The original domain is divided into subregions, and in each of them, a 
full integral representation formula is applied. At the common interface between the adjacent 
subregions, the corresponding matching conditions are enforced to ensure the continuity of the 
velocity field and its derivatives. While the matrices that arise from a single domain formulation 
are fully populated, the subregion formulation leads to block sparse systems with one block for 
each subregion, and overlapping blocks when two subregions have a common interface. 
Recently, Popov and Power [6] found that the DRM approximation of the internal potential 
of a nonlinear convection diffusion problem with variable velocity can be substantially improved 
by using the domain decomposition scheme. Their idea of using this alternative to improve the 
accuracy of the DRM approach was based on a work by Kansa and Carlson [7] on radial basis 
functions, where they realized that the best approximation is obtained when the original domain 
is split into smaller subdomains. 
The aim of the present work is to show how DRM multidomain technique (MD-DRM) can be 
efficiently used together with a mass conservative interpolation method, to solve the Navier-Stokes 
equations at moderate and high Reynolds numbers. The domain integrals that appear on each 
subdomain are converted into a series of boundary integrals by dual reciprocity with augmented 
thin plate splines as interpolation functions. To avoid the problems associated with the corners 
of each subdomain where the normal vector is undefined, discontinuous boundary elements are 
used. On each node of the subdomains, the boundary integral equations are applied together 
with corresponding velocity and traction matching conditions at the common interfaces between 
adjacent domains. The discretised integral equations and the matching conditions lead to a sparse 
system of equations which can be efficiently solved by direct or iterative solvers designed for a 
given sparsity pattern. On every subdomain, some internal points where the continuity equation 
is enforced are included to construct a mass conservative interpolation method that allows an 
accurate approximation of the velocity gradients. 
Previous single domain DRM formulations for the present problem have been limited only to 
low Reynolds number cases, Re < 200 (see [8,9]), requiring a very dense distribution of collocation 
nodes that may cause the coefficient matrices to become nearly singular. On the other hand, the 
idea of multidomain decomposition has been successfully applied before for moderate Reynolds 
number by Skerget and Ramsak [lo] in terms of direct cell integration of the domain integrals, and 
by Power and Mingo [ll] in terms of the standard DRM nonconservative interpolation approach. 
However, in those multidomain solutions, a nonuniform distribution of subdomains was required 
in order to achieve accurate results, instead of the coarse uniform mesh used in the present work 
in terms of the proposed DRM coupled mass conservative interpolation. 
2. DRM-MD BOUNDARY ELEMENT EQUATIONS 
The governing equations for the steady-state flow of an incompressible Newtonian fluid are the 
Navier-Stokes equations 
aui ap a274 
p”jdz, = -= + ++yxj 3 for all x E R c R2, 
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where ua is the flow velocity, p the fluid density, p the pressure, /.L the viscosity, and R is a bounded 
two-dimensional domain. In general, the flow field may satisfy mixed boundary conditions of the 
form 
W(5) = WE), for all t E l?n, (3) 
and 
ti(E) = oij (CP) nj(t), for all < E l?~, (4) 
where I = l?~ + IN is the boundary surface with outward unit vector n’; t’is the surface force or 
traction; and cij is the stress tensor defined as 
Uij = -p6ij + /J ($+$%). (5) 
The integral representation formulae for equations (l),(2) at a point z E R U S are given by 
Ladyzhenskaya [12]: 
C/cj(2)Uj(~) = 
I 
Kkj(2,Y)uj(Y)dr, - u!(x, Y)ti(Y) dr, + ut%, YMY) da; (6) 
r I r s R 
here 9’ is the nonlinear convective term defined as pseudobody forces, i.e., 
The coefficients cki are eqUd to (l/2)6& for smooth continuous boundaries, and c& = 6& for 
points inside St. The kernel U/ under the second integral in equation (6) is the stokesslet or 
fundamental solution of the Stokes’ equations, 
and the corresponding fundamental pressure is given by 
1 (zk - Yk) 
qk(GY) = -g +? * (9) 
The term Kij represents the traction fundamental solution given by 
Kij(x, Y) = gilk (UjCxc, Y), GJj(s, Y)) nk(Y), 
ci)k (@(L-c, y), qj(,, y,) = &k'$(& Y) f p (E!L+%), 
Hence, 
Kij(x, Y) = -; 1 (xi - Yi)(zj - Yj)(xk - Yk) nk(y) 
r4 
(11) 
(12) 
To express the domain integral in equation (6) in terms of equivalent boundary integrals, the 
dual reciprocity method (DRM) approximation is introduced. The basic idea is to expand the 
g(y) term using radial basis functions at each subregion; i.e., 
%(Z) = 5 f”(z)(r1”&z, (13) 
m=l 
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where the term o!rSil has been written instead of al for convenience in the definition of equa- 
tion (17). The coefficients a? are the unknowns to be determined by collocation on a set of 
nodes on the boundary of each subdomain. 
The most popular RBFs are 
r2m-2 log T (generalized thin plate splines), 
(r2 + c2),‘2 (generalized multiquadric), 
e-Or (Gaussian), 
where m is an integer number and T = ]]x - xj]]. 
The Gaussian and the inverse multiquadric, i.e., m < 0 in the generalized multiquadric function, 
are positive definite functions, while the thin-plate splines and the multiquadric, i.e., m > 0 in the 
generalized multiquadric function, are conditionally positive definite functions of order m, which 
require the addition of a polynomial term P of order m - 1 together with some homogeneous 
constraint conditions in order to obtain an invertible interpolation matrix. The multiquadric 
functions with values of m = 1 and c = 0 are often referred to as conical functions whilst with 
m = 3 and c = 0 as Duchon cubits. 
Numerical experiments show that the condition number of the interpolation matrix for smooth 
RBFs like Gaussian or multiquadrics are extremely large when compared with those resulting 
from nonsmooth RBFs like the thin-plate splines (see [13]). Moreover, in the literature of RBF 
interpolation with the functions given above, there is no known case where the error and the 
sensitivity are both reasonably small (uncertainty principle), which means good convergence can 
only be achieved at the expense of instability. 
In recent years, the theory of RBFs has undergone intensive research and enjoyed considerable 
success as a technique for interpolating multivariable data and functions. Unlike other interpo- 
lating functions, RBFs are not restricted to problems with only convex hulls or uniform data 
spacing. In 1982, Franke [14] published a review article evaluating virtually all the interpolation 
methods for scattered data sets available at that time. Among the methods tested, RBFs outper- 
formed all the other methods regarding accuracy, stability, efficiency, memory requirement, and 
ease of implementation. In a similar study, Stead [15] examined the accuracy of partial deriva- 
tives approximations over scattered data sets, and also concluded that the RBFs performed more 
accurately compared to other considered methods. Of the RBFs tested by Franke, Hardy’s multi- 
quadrics (MQ) were ranked the best in accuracy, followed by Duchon’s thin plates splines (TPS). 
Duchon [16] derived the TPS as an optimum solution of the interpolation problem in a certain 
Hilbert space via construction of a reproducing kernel. Therefore, they are the natural general- 
ization of cubic splines in n > 1 dimension. Even though TPS have been considered as optimal 
for interpolating multivariate functions, they converge only linearly (see [17]). On the other hand, 
the MQ functions converge exponentially and they always produce a minimal seminorm error as 
proven by Madych and Nelson (181. However, despite MQ’s excellent performance, it contains 
a free parameter, often referred to as the shape parameter, whose choice can greatly affect the 
accuracy of the approximation. How to choose the optimal shape parameter is a problem that has 
received the attention of many researchers. So far, this is an open problem and no mathematical 
theory has been developed yet for determining the optimal value. 
It is important to observe that the above behavior of the RBFs is related to scattered data 
interpolation. However, it is not clear what role each of these functions plays on the overall 
behavior of the DRM approximation of volume potentials, which involves a series of complex 
mathematical operations. The original RBF used by Nardini and Brebbia [2] was a conical 
function, T, plus one. Yamada et al. [19] and Zhang and Zhu, for example, in [20], found r3 
to be an improvement on r. The thin plate splines, TPS, have been shown to be better for 
problems involving body forces of high order (see [21,22]). Other RBFs used in connection with 
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the DRM approximation involve the use of defined constants, for instance, the Gaussian and the 
multiquadric functions. The accuracy of the results obtained with the DRM approximation based 
upon such constant dependent RBFs has been observed to be greatly affected by the values of 
such constants. 
Given the previous excellent results reported when using the augmented thin plate splines 
function as the interpolation function on the DRM approximation, in equation (13) we will use 
the function 
fin(z) = f (r (X,9”)) = r2 log?-, m=l,...,N, (14) 
plus the polynomial cry+’ + c~fv+~~i + or+” ~2, subject to the following additional constraint 
conditions: 
N N N 
~c+~x+~&+o, 1=1,2. (15) 
j=l j=l j=l 
In equation (13)) M = N + 3, where N are the set of collocations nodes on the boundary of each 
subdomain. In the present work, the mentioned augmenting functions are calculated in a local 
coordinate system whose origin is located at the centroid of each subdomain. Thus, the global 
augmenting functions are different for each cell and scaled to avoid any numerical problems. 
By substitution of equation (13) into equation (6), the domain integral becomes 
(16) 
In the above expression L = 3, according to the linear polynomial used in the interpolation and 
the corresponding constraint conditions, i.e., equation (15). 
To reduce the last domain integral to a boundary integral, a new auxiliary linear nonhomoge- 
neous Stokes’ field is defined for each interpolation function in the following way: 
r dXjdXj (17) 
(18) 
Now, applying Green’s identities to the 
sulting domain integral into equation (16), 
integral formula for the velocity field: 
flow field (@~(x),$~(z)) and substituting the re- 
it is possible to obtain the following boundary-only 
r 
Ckj (X)uj (X) - J Kkj (XT Y)'% (51) dr, - s K%c, Y)&(Y) dr, r r 
s s 
(1% 
Kkj(X, Y)fij”(Y) drg - Ui”(2, y@(y) dr, 
r r 
The analytical expression for the auxiliary Stokes flow field (oLm(z, y), film(z, y)), correspond- 
ing to the thin plate spline interpolation function used in this work, can be found by the approach 
suggested by Happel and Brener [23], and hence, 
~~=~[(5r’logr-~74)61j-i~~~(4r210gr-~~2)], forfm(z)=r210gr, (20) 
where %I = xl - ylm, 1 = 1,2, and r = )21. 
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The particular solutions corresponding to the global functions f*(s) = 1, xi, x2 are 
and 
‘i = & Lx; (36i~ - 2b2i62j - bliblj) f 3X:X2 (6i.j - 62ib2j) - 3X:X1 (b2i&lj + bli62j)] . 
(23) 
Similar expressions are deduced for the tractions t^” associated with the radial basis function, 
if = & 
[ 
8r2 (iink + ijnjbik + 2kni) 
( 3) 
2 log r - 1 - 4Zighkjnj (4lOgr + i)] , (24) 
for f”(x) = r2 log r. 
While the tractions corresponding to the global functions fm(x) = l,xi,x~ are given by the 
expressions 
t^: = i [xink + xjnjbik + xkni] , (25) 
Q = i {Zf [3 (ni&k + nk& + n&k) - 2 (2n161& + 72162~621~ + 72261i62k + n26lkS2i)] 
+ Xi [nl&k + nk61i + ‘&6lk - 2n161iblk] (26) 
+2X1X2 [(n2hk + nk62% + nib2k) - 2 (n261i61k + nlbli62k + nl61&2i)]} , 
it = $ {Xi [3 (n26ik + nk&i + nib2k) 
- 2 (2n262d2k + n2bdlk + ni62dikfniS2i6ik + nlbid2k)] 
+ Xf [n2bk + nk62i + nd2k - 2n2J2ib2k] 
+ 2X1X2 [(nl&k f nk&i + niblk) - 2 (n262iblk + n1&?&2k f n262I&)]} . 
(27) 
2.1. Traditional DRM Nonconservative Interpolation for the Velocity Derivatives 
The approximation of the convective terms gi = uj aZj h requires the calculation of velocity 
derivatives at the collocation nodes. Let us consider an expression similar to equation (13) but 
applied to the nodal velocities 
N+L 
UL (xj) = c f” (x’) PI”&, j = l,...,N. (28) 
m=l 
Equation (28) is valid at any of the N collocation nodes x3, j = 1,. . . , N, and it can be written 
in matrix notation as 
u=FP. (29) 
Here, the first 2N rows of matrix F are given by equations (28) and the last 2L rows are the 
additional conditions given in (15); p are the unknown coefficients, and u is a column vector of 
dimension 2(N + L) whose first 2N components are the velocities at the nodes and its last entries 
are zero. 
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The values of the velocity derivatives can be easily obtained by differentiating equation (28); 
thus, 
aui(s)= N+L afyx) 
aXj c 
m=l 
--&y- r&l! 
3 
(30) 
or in matrix notation 
du 8F 
-= 
axj 3 
g. 
Inverting equation (29) and substituting the result into (31) yields 
(31) 
au _ dFF-‘u, 
6 - dxj (32) 
where the matrix e contains the derivatives of the interpolation functions along xj. Equa- 
tion (32) expresses the fact that the nodal values of the derivatives are in terms of the product 
of two known matrices which depend on the geometry only, and the nodal values of the velocity. 
In practice, all the matrices that depend on the node coordinates can be computed only once 
and stored to save time and computer resources. Note also that there is no condition imposed 
on equation (30) to ensure mass conservation. 
The approximation defined in equation (28) is just required to fit the values of the velocities at 
the interpolation nodes, and so the resulting interpolating spline does not necessarily satisfy mass 
conservation or the continuity equation. Moreover, the derivatives approximated by equation (30) 
can differ from their exact values because the interpolation defined in equation (28) does not use 
any information about the derivatives of u as it would be the case of Hermite’s interpolation. In 
a solenoidal velocity field, such information about the velocity derivatives is available through 
the continuity equation. 
2.2. Mass Conservative Interpolation 
In this section, we propose a velocity interpolation scheme that satisfies the mass conservation 
principle. A mass conservative interpolation scheme approximates the velocity derivatives in 
terms of the components of the velocity field, i.e., ~1, ‘1~2 in such way that the mass balance (2) 
is satisfied in the interpolation domain. 
To obtain a mass conservative interpolation spline, we will use m internal nodes at which we will 
enforce mass conservation (equation (2)), and the remaining n surface nodes will have specified 
value of the velocity. Let us represent the velocity field by the following Hermite interpolation 
(for more details of this type of interpolation, see [24]): 
where yn+i are the position vectors that correspond to the internal nodes, and the first n points yi, 
i = l,... , n, are the boundary nodes that define each subdomain. Here, function c$(x, yi) is a 
thin plate spline of the form 
q5 (x, yi) = T4 (xc, yi) log?- (x7 Yi) 7 (34) 
and Pi(x), P,“(x) are second-order polynomials, 
(35) 
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with 1 = 1,2. By substitution of equations (33)-(35) into (2), we can express the mass conserva- 
tion equation as 
c n aJ w (xc, Yi> 84 (x:, Yi> 2 
i=l 
8x1 
+&: ax2 
i=l 
+ e/z 
i=l ( 
a24 (x,Yn+i) + a24 (xc, Yn+%) 
) 
+ W?(x) + ap,20 = 0 
(36) 
axidxi dxsC3x2 8x1 ax2 ’ 
where we used the fact that for the function 4(x, yi), the relation & = -$-, i = 1,2, holds. 
The coefficients af , i = 1, . . . , n + 6, 1 = 1,2, and P3, j = 1,. . . , m, are obtained by applying 
equation (33) at each of the n boundary nodes, equation (36) at the internal nodes x = ylz+, 
i = 1,. . . m, and the following additional constraints for the polynomial P,‘(x): 
71 
c cr; =o, k&x; +2/3, =o, 
i=l i=l z=l 
i=l a=1 i=l 
2 Qf (Xi)" = 0, 2 CifXiXi + 2 fliXi+n = 0. 
i=l i=l i=l 
Likewise, the conditions imposed upon the polynomial i?,“(x) are 
i=l i=l i=l 
2.1 &Xi = 0 7 2 CIfX”;Xb + 2 piXi+” = 0, 
i=l i=l i=l 
(37) 
(38) 
2 af (x”;)’ =0, 2 ctf (xg2 + 2 2pix;+2+” = 0. 
i=l i=l 2=1 
Equations (37),(38) are analogous to the smoothness conditions (15), but the former also 
include derivatives of the polynomial terms accompanying the coefficients ,& to ensure that the 
interpolation is conservative. Additionally, the terms including /3i, together with an appropriate 
selection of the position of the internal nodes, guarantee linear independence of equations (37) 
and (38). It is also important to note that the resulting algebraic system of equations is symmetric. 
The velocity gradient necessary to assess the convective terms is readily obtained by differen- 
tiation of equation (33), i.e., 
(39) 
In our DRM implementation of the above mass conservative interpolation, we use n as the number 
of points where the velocity field is defined at the boundary of each subdomain, i.e., n = N. 
3. NUMERICAL SOLUTION 
For the numerical solution of the Navier-Stokes equations and their integral form given by (19), 
the entire domain has been divided into smaller subdomains or domain elements which are 
enclosed by four linear boundary elements [2]. The four corners of each subdomain are points of 
discontinuity that require special attention as the tractions on both sides may not be the same. 
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Figure 1. Subdomain made up of linear discontinuous boundary elements. 
When the boundary of each subdomain is discretized into linear elements, the traction vector at 
node 2 of element j, and the traction at node 1 of element j + 1 may be different. To take into 
account this possibility, the linear discontinuous elements shown in Figure 1 were used. 
On each subdomain, equations (13),(19) together with equations (33)-(39) hold, and define 
the velocity field at each boundary node. The surface integrals that appear on equation (19) can 
be evaluated numerically using Gauss-Legendre quadratures; however, special attention should 
be paid to the weakly singular integrals whose kernel is the stokesslet U$(X, y) at the limit when 
the source point tends to the field point z + y. This singularity can be dealt with using a special 
transformation of coordinates [25]. 
When the DRM (equation (19)) is applied at subdomain i and after the boundary integrals 
have been evaluated by linear boundary elements, the following matrix system is obtained 121: 
Hiu - Git = (Hiii - Gii) a, i=1,2 )...) M. (40) 
In equation (40), Hi and Gi are square matrices whose entries are integrals of the product of U/ 
and Kkj by the shape functions used to interpolate on the boundary elements [2]. Vectors u and t 
are the velocities and tractions, respectively; Q and f are matrices whose columns correspond to 
the particular solutions of the auxiliary Stokes problem, and M is the number of subdomains. 
There are also additional equations or matching conditions at the interface between subdomains. 
On the common interface l?j that connects the subdomains i and i + 1, the velocity needs to be 
continuous, i.e., 7&j = $..l, and there also exists dynamic equilibrium, i.e., ?rj + ta,f’ = 0. 
The unknown coefficient vector cr is determined from equations (13) and (15) by collocation on 
the boundary nodes of each subdomain. The derivatives of the velocity are approximated using 
the mass conservative interpolation method and equations (33)-(39). With this approximation 
for the derivatives, the vector cy can be found numerically in terms of nodal velocities only, and 
therefore, equation (40) represents a nonlinear system for the tractions and velocities. Each of 
the M local matrix systems has to be assembled with its neighboring systems according to the 
velocity and traction matching conditions given before. 
The resulting nonlinear global system of equations for the entire domain is solved using the 
Newton-Raphson scheme combined with a line-search algorithm intended to reduce the residual 
at each iteration [26]. After the normal equations have been obtained, they can be solved by the 
UMFPACK direct solver. 
4. RESULTS FOR THE CAVITY FLOW PROBLEM 
The problem considered here is that of a square cavity filled with an incompressible viscous fluid 
and a top wall sliding at a constant velocity. Geometry and boundary conditions are presented 
in Figure 2. 
The dual reciprocity formulation with mass conservative interpolation is used to compute the 
steady-state solution of the Navier-Stokes equations. The results using traditional DRM inter- 
polation are compared with those using the conservative interpolation for calculatingthe velocity 
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u=(l,O) 
l Y=l 
Y + x l-l v=-1 
x=1 x=1 . 
Figure 2. Driven cavity problem. 
Conservative node 
I Collocatim Boundary node 
Figure 3. Distribution of internal points at which mass conservation is enforced. 
derivatives. The effects of the number of internal points where mass conservation is enforced has 
also been studied for the cases with m = 2 and m = 5 internal points in a regular distribution 
within each subdomain as depicted in Figure 3. 
At each iteration, the velocity values at the boundary nodes of every domain cell are used 
together with equation (39) to approximate the velocity derivatives. It is also obvious from 
equations (33)-(39) that the values of the velocity derivatives depend upon the number and 
position of the internal nodes where the mass conservation equation is enforced. 
The comparison between classical DRM interpolation and conservative interpolation with two 
and five internal points in a coarse uniform 10 x 10 mesh is presented in Figure 4, together with 
the benchmark solution obtained by Ghia [27], for the case of Re = 400. Note that greater 
accuracy is obtained when the number of internal points is increased. 
It is also worth mentioning that as we increase the number of internal nodes, fewer iterations 
are necessary to attain convergence. So, when two internal points were used, ten iterations were 
required, while there were only five iterations for the case of five internal points. The tolerance 
criterion used throughout this work is defined as E = lunew - &ldl/lu,,ldl < 10V4. 
The conservative interpolation scheme can be further improved by a grouping strategy where 
the interpolated velocity values at the internal nodes of each subdomain depend upon the bound- 
ary velocities in adjacent cells. Figure 5 shows a typical internal subdomain surrounded by its 
four neighbor cells. To interpolate the velocity at any point in the subdomain in the middle, it is 
possible to write an equation similar to equation (33) including all the boundary nodes of each 
cell (Figure 5), 
(41) 
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Figure 4. Velocity profiles for a mesh density of 10 x 10. Re = 400. 
where nt is the total number of boundary nodes in the whole ensemble of domains shown in 
Figure 5, and mt the total number of internal nodes. Likewise, the continuity equation can be 
applied to each of the internal nodes and it is given by 
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Figure 5. Coupled conservative interpolation scheme. 
c nt al w (x7 Yi> 2 
i=l 8x1 
+-& aS 
ad, (x7 Y") 
i=l 
2 
+ FPi 
i=l ( 
a24 (x,yn+i) + a24 (Z,yn+i) 
axlaxl ax2ax2 ) 
+ t@(x) + txJ,2(2) 
(42) 
ax1 
o 
xy-=. 
Note that since the continuity equation has been applied not only on the middle subdomain, but 
also on the adjacent domains, the net mass flow through its boundary must also be conservative. 
Hereafter, the conservative interpolation method with the mentioned matching strategy between 
subdomains will be referred to as coupled conservative interpolation. 
To show the effectiveness of the coupled conservative interpolation, the cavity flow with Re = 
400 was solved. In Figure 6, it can be seen that the accuracy of the coupled conservative in- 
terpolation surpasses that of the classical DRM interpolation. Moreover, Figure 7 compares the 
results obtained by the coupled conservative interpolation in a coarse 10 x 10 mesh with the 
results obtained with conventional interpolation in a denser uniform mesh of 20 x 20. Note that 
both results shown in Figure 7 are almost identical, and this suggests that the coupled conser- 
vative interpolation method could be used instead of mesh refinement at a lower computational 
cost. 
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(a) uz is the horizontal velocity at the midplane y = 0. 
Figure 6. Coupled conservative interpolation for FLe = 400. 
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Figure 6. (cont.) 
(a) Horizontal velocity at z = 0. 
Figure 7. Comparison between conservative interpolation in a 10 x 10 mesh and mesh 
refinement (20 x 20) for the case Re = 400. 
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Figure 8. Coupled conservative interpolation for FLe = 1000. 
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Figure 8. (cont.) 
Finally, the problem with a higher Reynolds number Re = 1000 was also solved, and the results 
are shown in Figure 8. In this case, the traditional DRM interpolation overpredicts the horizontal 
velocity near the bottom surface where the stresses are high due to the boundary layer effects. 
However, with the conservative interpolation, the BEM solution closely follows the benchmark 
solution. 
5. CONCLUSIONS 
An alternative interpolation method that satisfies the continuity equation was applied together 
with a multidomain dual reciprocity approach to solve the Navier-Stokes equations at moderate 
Reynolds numbers. The results show that even on coarse grids, the conservative interpolation is 
superior to the traditional one commonly used in the boundary elements literature to approx- 
imate the derivatives of the variables. In addition, to improve the accuracy of the numerical 
results, the conservative interpolation also reduces the number of iterations in the solution of the 
nonlinear system of algebraic equations that arise from the DRM-MD method. Further work is 
still necessary to obtain results at higher Reynolds numbers on more refined meshes. It would 
also be convenient to explore whether the conservative interpolation is applicable to the solution 
of more complex problems such as non-Newtonian and viscoelastic flows. 
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